We use the covariant formulation proposed in [1] to analyse the structure of linear perturbations about a spherically symmetric background in different families of gravity theories, and hence study how quasi-normal modes of perturbed black holes may be affected by modifications to General Relativity. We restrict ourselves to single-tensor, scalar-tensor and vector-tensor diffeomorphism-invariant gravity models in a Schwarzschild black hole background. We show explicitly the full covariant form of the quadratic actions in such cases, which allow us to then analyse odd parity (axial) and even parity (polar) perturbations simultaneously in a straightforward manner.
I. INTRODUCTION
The recent detection of gravitational waves (GW) from the merger of black hole binaries by the advanced Laser Interferometric Gravitational Wave Observatory (LIGO) [2] [3] [4] and advanced Virgo [5] has opened a new window of physics that will allow us to test gravity in completely new regimes [6] . While General Relativity (GR) enjoys great success and accuracy in the weak field regime around the Solar System, the moderate and strong field regime has been previously unexplored and little observational data has been available so far [7] . This situation is changing and with the accumulation of data from new black hole mergers, in addition to the plans of future observatories such as eLISA, KAGRA, and the Einstein Telescope, we will be able to impose precise observational constraints in new regimes by analysing the evolution of GW signals.
The black hole remnant resulting from the merger of two black holes is, initially, highly deformed. It subsequently settles down to a quiescent state by emitting gravitational radiation -dubbed the 'ringdown'. In GR, this process is described as the final black hole 'shedding hair' and can be characterized by two parameters: the black hole's mass and angular momentum. The fact that black holes in GR have 'no hair' has become one of the cornerstone results of modern gravity [8] [9] [10] [11] [12] [13] [14] [15] . In extensions to GR the situation is different. The final state, the black hole remnant, may have additional structure or hair or it might not. But the structure of the GW signal could carry information about the underlying theory of gravity, even if the final equilibrium state is a black hole which is indistinguishable from those found in GR (for example Schwarzschild or Kerr). Thus, the characterisation of the ringdown might allow us to discriminate between GR and alternative theories of gravity [16] .
Over the past decade, a set of numerical algorithms have been established to characterise the ringdown in terms of quasi-normal modes [17] . A number of consistency checks have been proposed for testing the no-hair hypothesis by com-paring the values of the dominant and sub-dominant quasinormal modes; as a by product, it should be possible to read off the spin and mass of the final black hole [18] . The errors and the associated signal-to-noise ratio of such procedures have been studied in detail [19] [20] [21] and it has been shown that it should be possible to find accurate constraints on black hole parameters from future data.
There has been some attempts at exploring the ringdown process in specific extensions of GR. The evolution equations have been analysed for Jordan-Brans-Dicke gravity [22, 23] , for scalar-tensor theories with non-minimal derivative couplings [24] , for Einstein-Dilaton-Gauss-Bonnet gravity [25] , for TeVeS models [26] , and for Dynamical Chern-Simons gravity [27, 28] . But it is fair to say that the literature is far from complete and comprehensive. With the advent of black hole spectroscopy it is timely to start exploring extensions of General Relativity more thoroughly with the hope that future data might allow us to place stringent constraints on such modifications.
The study of the ringdown process through the quasinormal modes involves the analysis of linear perturbations around a stationary black hole [17] . By studying the structure of the evolution equations, subject to a particular set of boundary conditions, one is able to determine frequencies and damping scales which contain a wealth of information. The problem is entirely analogous to that of analysing deviations from homogeneity on a cosmological spacetime (such as a Friedman-Robertson-Walker universe) [29] . There, one uses a set of basis functions tailored to homogeneous and isotropic spacetime and studies their evolution and spatial morphology. Comparing to cosmological observations one is then able to extract information about, for example, the expansion of the universe, the densities of the different energy components and the statistical properties of the initial conditions.
Given the similarities between the study of quasi-normal modes and cosmological perturbations, it would make sense to explore whether techniques developed for cosmology might be applied to the study of black hole physics. The focus of this paper will be to show that a method developed for constructing general quadratic theories of gravity in the context of cosmological linear perturbation theory [30, 31] can also be used to develop families of perturbed actions around black hole spacetimes. In doing so, it is possible to develop a formalism for quasi-normal modes in general theories of gravity.
While we will describe our method in more detail in Section II, it helps to briefly summarise our approach. We will construct general quadratic actions of the metric and any additional gravitational degrees of freedom around a black hole solution. With a judicious use of Noether's theorem, we will ensure that these quadratic actions are diffeomorphism invariant (or, to be more precise, gauge invariant on the specific background spacetime). These actions will depend on a small number of free functions that will affect the quasinormal mode equations we derive. Thus, by constraining quasi-normal modes, we will be able to constrain the free functions and therefore extensions to General Relativity. Key to this construction is that these equations are built with a minimal set of assumptions and, as a result, should cover a wide range of models in the space of non-linear gravitational theories.
The focus of this paper will be on linear perturbations. For simplicity and clarity, we will restrict ourselves to a Schwarzschild background although the method we present should be applicable to Kerr or more exotic black holes arising in extensions of GR. This restriction merits a brief discussion. The most straightforward extension to GR is the addition of a non-minimally coupled scalar field -scalar-tensor gravity theories. It is well established that a wide range of scalar-tensor theories have no hair and thus settle down to Schwarzschild or Kerr black holes [32] . However it is possible to construct hairy black holes in scalar-tensor theories [33] . The same can be said of theories where the extra gravitational degree of freedom is a 4-vector: for example generalized Proca theories [34, 35] . In this paper, the extensions to GR we will consider involve either an extra scalar or vector field and given that these theories have regimes with a Schwarzschild solution, we are justified in restricting ourselves to having it as the background space time.
We structure the paper as follows: In Section II we summarise the method for constructing general quadratic actions in the covariant form and use it to derive the action of a free massless spin-2 field propagating on Minkowski space, which corresponds to linearised GR. In Sections III-V, we will derive the diffeomorphism-invariant quadratic actions of linear perturbations on a Schwarzschild background for three families of theories of gravity: containing a single-tensor field, a tensor field with a scalar field, and a tensor field with a vector field, respectively. In each case we will derive the equations of motion for odd parity (axial) and even parity (polar) type perturbations. In Section VI we will discuss the results of our work and the method presented in this paper, as well as future work to be undertaken.
Throughout this paper, indices using the greek alphabet (µ, ν, λ ...) will denote space-time indices and run over coordinates 0-3. Capital Roman letters (A, B, C...) will denote angular indices and run over coordinates 2-3. The metric signature will be (−, +, +, +), and we will use geometrised units in which G = c = 1.
II. COVARIANT ACTION APPROACH
In this section we review the covariant method for constructing gauge invariant quadratic actions for linear perturbations, as first described in [1] , and illustrate it by recovering linear General Relativity in Minkowski space. We discuss the role of the global symmetry of the background and the local gauge symmetry of the perturbations in the method. The use of this method on cosmological backgrounds is detailed extensively in [1] .
We follow the same logic as in [30, 31] but using a covariant approach. The main steps of the method are summarised as follows:
1. For a given set of gravitational fields, choose a background and write a set of covariant projectors (a set of vectors and tensors) that foliate your spacetime following the global symmetries of the background. Then, consider linear perturbations for each gravitational (and matter) field.
2. Construct the most general quadratic action for the gravitational fields by writing all possible compatible contractions of the covariant background projectors and the linear perturbations. Introduce a free function of the background in front of each possible term and truncate the number of possible terms in the action by choosing a maximum number of derivatives.
3. Choose a desired gauge symmetry and impose local invariance of the quadratic action by solving a set of Noether constraints. The resulting action will be the most general quadratic gauge invariant action around a background with a given set of global symmetries.
We now proceed to illustrate the method by following each one of the previous step in the case of a single tensor gravitational field g µν (or metric) in vacuum with a diffeomorphism invariant action. We start by following step 1. In this case, the background will correspond to Minkowski space:
where the bar denotes the background value of the metric, and η µν = diag(−1, 1, 1, 1) is the Minkowski metric. We know that this background has a global symmetry under the Poincare group, and thus we can describe the metric with only one projector, the tensor η µν , that follows this symmetry. Hence, in this case, we do not need to make any particular foliation. Next, we consider linear perturbations and thus the full metric can be expressed as:
where h µν is a linear perturbation, which in general is a function of space and time. We now follow step 2 and write the most general covariant quadratic action leading to second-order derivative equations of motion. In this case, we can only have two different possible terms (modulo total derivatives):
where∇ µ are covariant derivatives with respect to the background metric, and the tensors A and B are, for consistency, arbitrary functions of the background. These tensors must respect the symmetries of the background and hence be constructed with the tensor η µν . Explicitly, the most general form these tensors can take is the following: 
where the scalars c n are free functions of the background, i.e. constants in this case. We note that we have not actually written all the possible contractions in these tensors A and B, but instead only those that are inequivalent after considering the contraction with the symmetric tensor perturbation h µν in the action in eq. (3) . By plugging in the expressions in eq. (4) into the quadratic action, and separating each term of the action explicitly, the resulting most general quadratic action takes the following form:
where h = η µν h µν and indices are lowered and raised with the background metric η µν . We now proceed to follow step 3, and we will impose symmetry under linear diffeomorphism invariance. Consider an infinitesimal coordinate transformation:
where ε µ is a linear perturbation that depends on space and time. Under this transformation the background stays the same but the gravitational perturbation field changes as:
If we wish our theory to be invariant under this coordinate transformations, then the variation of the action in eq. (5) with respect to the transformation in eq. (7) should vanish. After making suitable integrations by parts, we find that the variation of the action in this case gives:
where = η µν ∂ µ ∂ ν is the d'Alembertian operator. For the action to be gauge invariant we need δ ε S (2) to vanish for arbitrary ε µ , and therefore the whole integrand to vanish. This leads to the following Noether identity:
Since this identity must be satisfied off-shell, terms with different derivative structure must vanish independently, leading to the following set of Noether constraints:
These constraints are simple algebraic relations on the free coefficients c n , and they ensure the action (5) is linearly diffeomorphism invariant. Using our freedom to rescale the size of h µν , we can set −4c 4 = M 2 Pl , the reduced Planck mass (squared), and write the resulting quadratic action as:
which we recognise as the quadratic expansion of the Einstein-Hilbert action about a Minkowski background [36] . This is the most general quadratic action for a single metric, around Minkowski space, that is linearly diffeomorphism invariant and has second-order derivative equations of motion.
III. SINGLE-TENSOR THEORIES ON A SCHWARZSCHILD BACKGROUND
In this section we apply the covariant method for analysing perturbations around a spherically symmetric background. In particular, we consider the case when the gravitational field content is given by a single tensor field and construct the most general quadratic action around a stationary and static black hole background, that is invariant under linear coordinate transformations and has second-order derivative equations of motion.
We start by following step 1. We assume that the background is given by the Schwarzschild metric:
where we have used spherical coordinates and defined f = 1 − 2m r , where m is the mass of the central black hole. In order to describe this background in a covariant way, we foliate the spacetime according to the background symmetries. We make a 1+1+2 split and define a time-like unit vector u µ and a spacelike vector r µ , which induces orthogonal hypersurfaces with a spatial metric γ µν such that:
Thus , u µ , r µ and γ µν act as the projectors for this spacetime. Specifically in this case, projectors are given by:
where 0 is a 3D zero vector, and Ω AB is the metric on the unit 2-sphere. These projectors are mutually orthogonal to one another:
We now move onto step 2 and construct the most general quadratic gravitational action. As in Section II, the most general action quadratic in h µν with up to second order equations of motion can be written as:
where the coefficients A , B, and C are tensors depending on the background. Notice that here, unlike the action in Section II, we have a tensor with five indices B µναβ δ , which we previously ignored as it only contributes to the action as a boundary term in a Minkowski background. Also, for future convenience we have defined the tensors in action (19) with a factor r 2 sin θ in front. We now write the most general form that the tensors A , B, and C can have respecting the symmetries of the background. In this case, they can be constructed using the three relevant projectors u µ , r µ , and γ µν , in the following way:
where, as in the previous section, we have only defined the set of tensors that lead to distinct terms in the quadratic action 1 . Here, the coefficients A n , B n , and C n are arbitrary scalar functions of the background, and hence of radius. We note that the tensors A , B, and C could come from the background metricḡ µν and its derivatives to arbitrary order. Hence, we are restricting the number of derivatives allowed for the perturbations h µν , but not for the background. We comment here that, in using only the projectors u µ , r µ , and γ µν , we have implicitly restricted ourselves to studying theories that do not include parity violation. To study such theories, for example Chern-Simons theories of gravity [37] , we would also have to use the four dimensional Levi-Civita tensor ε µναβ when constructing our background tensors. From equations (20)- (22) we can see how less symmetric backgrounds can lead to a larger number of free parameters in the gravitational action. Whereas in Minkowski the action in step 2 had only 6 free constant parameters, in a spherically symmetric background we find 122 free functions of radius. As we shall see later, we will also find more Noether constraints in this section, and so the total gauge invariant action will have only one extra free parameter compared to the Minkowski case.
Having obtained an explicit expression for the coefficients in eq. (19), we proceed to step 3. We want the total quadratic action to be linearly diffeomorphism invariant. In this case, the metric perturbation will transform as the Lie derivative of the background metric along an infinitesimal coordinate transformation vector ε µ . That is,
where again ε µ is an arbitrary gauge parameter. The action given by eq. (19) can now be varied to find the Noether identities. Schematically, an infinitesimal variation of the total action can be written as:
where δ denotes a functional variation, and E µν is the equations of motion of the perturbation field h µν . We now consider the functional variation of the action when the perturbation field transform as in eq. (23) . After making suitable integrations by parts we find:
1 Whilst in principle one should symmetrise over the indices of A , B, and C in order to obtain the most general tensors, the additional symmetrised terms do not contribute any new terms to the action so they have been ommited.
where we have used the fact that E µν is a symmetric tensor. For the total action to be gauge invariant we impose δ ε S
T = 0, which leads to four Noether identities given by each one of the components of the bracket in eq. (25) . From these Noether identities we can read a number of Noether constraints that will relate the values of the free parameters A n , B n and C n of the quadratic gravitational action. In order to read off the Noether constraints easily, we rewrite the Noether identities solely in terms of the projectors u µ , r µ and γ µν , by eliminating all covariant derivatives of the background using the equations in Appendix A. For instance, we will rewrite the covariant derivative of a function G as:
In this way, due to the fact that the projectors are mutually orthogonal, any perturbation field contracted with different projectors or different index structure must vanish independently. Through this process, we obtain 120 Noether constraints for the coefficients A n , B n , and C n (see Appendix B). Thus, we are left with only two free parameters: a free function of r, C 1 , and a constant, C 41 . In fact, we find that all terms which depend on the parameter C 1 cancel in the final action, thus leaving the action dependent only on the constant C 41 . We can thus write the total gauge invariant action as:
where we have chosen
, with M Pl being the reduced Planck mass, in order to describe modifications from GR. The Lagrangian L EH is the quadratic expansion of the Einstein-Hilbert action, i.e. 1 2 √ −gR, and is given by:
whereR,R µν andR ρν µσ are the Ricci scalar, Ricci tensor and Riemann tensor for the background metric, respectively. Having found the most general gauge invariant quadratic action for a single tensor field on a Schwarzschild background, we can now find the equations of motion for different types of perturbations. Due to the spherical symmetry of the background, perturbations can be decomposed into tensor spherical harmonics and classified in terms of their parity: either odd (axial) or even (polar) [38, 39] . As our action is gauge invariant, we are free to choose a convenient gauge for our calculations. We will work in the Regge-Wheeler gauge [38] , in which our odd and even perturbations take the following form [38, 39] :
where sym indicates a symmetric entry, B lm µ is the odd parity vector spherical harmonic and Y lm is the standard scalar spherical harmonic, as described in [40, 41] (note there are slight differences in convention between the definitions of tensorial spherical harmonics used in [40] and [41] ). Here, the amplitude of linear perturbations is described by the functions h i , H i and K. The properties of tensor spherical harmonics and of the Schwarzschild spacetime are explored in great length in [40, 41] ; the calculations of those papers were used throughout the calculations made here. We have also assumed a time dependence of e −iωt for our perturbations, due to the static nature of the background spacetime. Furthermore, spherical harmonic indices will be omitted from now on, with each equation assumed to hold for a given l (we will find that the equations of motion are independent of m, which is unsurprising due to the spherical symmetry of the background). In general, the metric perturbation will be represented by a sum over l, m, and ω of the modes.
Clearly eq. (27) shows that we have recovered the correct quadratic expansion of GR for single tensor theories of gravity. It will, however, be instructive for later sections to proceed with the full analysis of the equations of motion derived from the action given by eq. (27) .
A. Odd parity perturbations
We will first consider odd parity perturbations, where h µν is given by eq. (29) . We find the following two Euler-Lagrange equations upon varying eq. (27) with respect to h 0 and h 1 , respectively:
(32) Multiplying eq. (31) by −iω and taking the r derivative of eq. (32) and substituting, we find:
Using eq. (33) to eliminate h 0 from eq. (32), we arrive at the famous Regge-Wheeler equation [38] :
where we have introduced the Regge-Wheeler function Q and the tortoise coordinate r * [38] such that:
whilst the potential V RW (r) is given by
B. Even parity perturbations
For even parity perturbations, where h µν is given by eq. (30), four Euler-Lagrange equations are found upon varying eq. (27) with respect to H 0 , H 1 , H 2 , and K. After a series of straightforward, but lengthy, manipulations, the following set of equations is found:
which satisfy the following algebraic identity:
and the relation H 0 = H 2 is also found. We can make the following field redefinitions, as described in [42] , in terms of the Zerilli function ψ(r)
where we have introduced:
After making the substitutions given by eq. (115) in eq. (41), we find a single equation determining the evolution of perturbations, the familiar Zerilli equation [43] :
where the potential V Z (r) is given by
For both odd and even parity perturbations, we recover the Regge-Wheeler and Zerilli equations as in GR. This is the expected result for a theory containing a single tensor perturbation about a Schwarzschild background. Having found that C 1 vanishes from the final gauge invariant action, and setting
Pl , as explained above, there is no further parameter freedom in our theory. This result may seem to be in contrast to a similar calculation performed on a cosmological background [1, 30] , where it was found that a time-dependent Planck mass was allowed, and the running of this generalised Planck mass induced modifications in the equations for linear cosmological perturbations. However, in such a case the background evolution of the metric was left free, but if the background evolution was fixed to be that of GR (as in this paper), then the generalised Planck mass would have to be constant and thus no modified evolution for perturbations would be found.
IV. SCALAR-TENSOR THEORIES ON A SCHWARZSCHILD BACKGROUND
Having studied the case of a single-tensor perturbation on a Schwarzschild background, we now construct the most general gravitational action for perturbations of a tensor and a scalar field, that leads to second order equations of motion and is linearly diffeomorphism invariant. The stability of stationary black holes under perturbations in scalar-tensor theories has been studied in [44] [45] [46] . We follow the covariant procedure as in the previous section, but with the addition of a gravitational scalar field χ:
whereχ is the background value of the scalar field and δ χ is a linear perturbation non-minimally coupled to the metric g µν and its perturbation, h µν . We will assume that we are considering scalar-tensor theories of gravity where a no-hair theorem exists, such that the background spacetime is still described by the Schwarzschild solution given by eq. (12) [32, 33, 47] . In fact, due to constraints on the speed excess of gravitational waves [48] [49] [50] from multi-messenger measurements of binary neutron star mergers [51] [52] [53] , many scalar-tensor theories that might have supported black hole hair have now been strongly constrained and, barring any fine tuning, effectively ruled out in favour of models that do not support scalar hair. Furthermore, due to our implicit assumption that no parity violation occurs in the theories studied, theories such as ChernSimons gravity [37] are not covered by the following analysis of scalar-tensor theories. Perturbations about a Schwarzschild background in Chern-Simons gravity have been studied in [27, 28] . In the case that the background is given by eq. (12), the background value of the scalar field,χ must correspond to the trivial solution of a constant [32, 33] :
Note that the perturbation to the scalar, δ χ, is non-trivial and still depends on the space-time coordinates.
Since we have the same background as in the previous section, we continue to use the 1+1+2 split of spacetime with the projectors u µ , r µ , and γ µν .
We proceed to step 2 and write down the most general scalar-tensor gravitational action as:
where the A , B, and C are the same as those given by (20)- (22) . We see that we also have two new tensors describing the self-interactions of the scalar field and three for the interactions between the scalar and tensor fields. These new tensors are arbitrary functions of the background, and hence must follow the background symmetry and can be constructed solely from the projectors u µ , r µ , and γ µν . Similarly as in the previous section, we proceed to write down the most general forms these five new tensors can take:
while A χ is a scalar and hence simply considered to be free function of r. Here, each of the coefficients A χ n , B χ n , C χ n , and D χ n are free functions of r also. We see that we have 30 additional free functions due to the inclusion of the scalar field χ.
We now proceed to step 3. As before, we impose linear diffeomorphism invariance of the total action given by eq. (48) . While the metric transforms as in eq. (23) under an infinitesimal coordinate transformation, the new scalar field transforms as:
Note that as we are assuming that our background is Schwarzschild, and as such has no scalar 'hair',∇ µχ vanishes leaving δ χ gauge invariant. The total action given by eq. (48) can now be varied under the gauge transformation. As in the previous sections, we obtain a number of Noether constraints by enforcing independent terms in the Noether identities to vanish. Due to δ χ being gauge invariant, the Noether constraints that are obtained in Section III are also valid for the analysis of the action given by eq. (48) . The additional Noether constraints found for the A χ n , B χ n , C χ n , and D χ n are given in Appendix C 1. We find that the final action depends on 10 free parameters from the original action given by eq. (48):
where once again C 41 is a constant whilst the other 9 parameters are free to be functions of r. Note that A χ0 and C χ1−4 are unconstrained due to δ χ being gauge invariant on a Schwarzschild background. The final quadratic gaugeinvariant action for scalar-tensor theories on a Schwarzschild background can be written as
where L EH is given by eq. (28), and again we have chosen M 2 Pl = −4C 41 in order to describe modifications from GR. Thus, the entire action depends on 9 free parameters. The additional Lagrangian due to the inclusion of the scalar field χ is given by
As in Section III, having obtained a form for the fully covariant diffeomorphism invariant action, we can study the odd and even parity perturbations separately.
A. Odd parity perturbations
We will first consider odd parity perturbations, where h µν is given by eq. (29) . Since δ χ has no contribution to the odd parity sector due to being a scalar, and is also gauge invariant (hence the gravitational self-interactions are the same as in those in the previous section), the odd parity gravitational perturbations are again governed by the Regge-Wheeler equation given by eq. (34).
B. Even parity perturbations
For even parity perturbations h µν is given by eq. (30), whilst we decompose δ χ into spherical harmonics like so (following the convention of [23] 
where Y lm is again the standard scalar spherical harmonic [40, 41] . We again vary the gauge invariant scalar tensor action with respect to H 0 , H 1 , H 2 , K, and ϕ and combine the metric perturbations into a single functionψ using the following substi-
where g 1 , g 2 , and L are again given by eqs. (43) . Note the difference between the substitutions given above to those previously given in eq. (115), where we have introduced the parameter β in eq. (58), which is a dimensionless function of r that we are free to choose, reflecting the freedom to make a further field redefinition by mixing the metric and scalar perturbations. The relation between H 0 , H 2 , and ϕ for scalartensor theories is given in Appendix C 2. Note that, as H 2 is given by in terms of H 0 and ϕ, the metric and scalar perturbations will in general be mixed. The following equations of motion are found
where the a n and b n are functions of r and of the 9 remaining free parameters of the theory, as well as functions of ω and l (see Appendix C 3). V Z is the Zerilli potential given by eq. (45) . It is interesting to note that eq. (59) is not in the most general form that any second order equation forψ and ϕ could take, e.g. there are no terms proportional to dϕ dr * . This is due to the fact that these equations come from an action principle and thus they must be integrable. In addition, as we will discuss later, the function a 1 in eq. (59) will depend on the free function β (r) and in virtue of an appropriate choice for β , we will always be able to make a 1 = 0.
Eqs. (59)- (60) form a pair of homogeneous coupled ordinary differential equations with non-constant coefficients. By introducing the following fields
we can write eqs. (59)- (61) as the first order matrix equation
where
We have then found that, as expected, these scalar-tensor theories propagate one degree of freedom, in addition to the two metric perturbations. Furthermore, we can see that, in general, even though the background black hole has no hair and it is identical to GR, at the level of perturbations the scalar field can be excited and generate hair. This means that the evolution of metric perturbations will be generically modified and hence the detection of quasi normal modes in gravitational wave experiments would allow us to test and distinguish scalar-tensor models from GR. Next, we proceed to work out two specific examples of scalar-tensor theories and show explicitly how the equations of motion can be modified. In particular, we will consider two examples: one in which the evolution of even perturbations is different to GR, and another example where both odd and even perturbations evolve exactly in the same way as GR because the terms that modify gravity vanish in a Schwarzschild background.
C. Examples
As explained in Section IV A, the equation of motion for odd parity metric perturbations, i.e. the Regge-Wheeler equation, is unaffected by the presence of scalar field perturbations. This is due to the trivial background profile of the scalar field, and the fact that δ χ is purely of even parity. Thus, in the following examples only the equations for even parity perturbations will be shown in detail.
Brans-Dicke
Let us take our test action to take the form of a simple Brans-Dicke model with scalar field mass µ [23] :
where R is the Ricci scalar and Ω is a constant. Perturbing eq. (64) to quadratic order in linear perturbations we find the following values for the free parameters listed in eq. (54):
with C χ4 and D χ11 vanishing. Here we have ignored the overall scaling of M 2 Pl . With this parameter choice, we find the following equations of motion:
Note that we can use our freedom to make a field redefinition to set β = 1 2 and mix the even parity metric and scalar perturbations. This field redefinition removes the ϕ contribution to eq. (66) and leaves it in an identical form to the GR Zerilli equation. The fieldψ obeying this Zerilli equation is now, however, a mixture of the even parity metric and scalar perturbations, rather than a pure metric perturbation as in the GR case. Furthermore, with the Brans-Dicke parameter choice given by eq. (65), the relation between the metric perturbations H 2 and the other perturbations is not simply H 2 = H 0 as with GR (see Appendix C 2), but rather involves the scalar perturbation ϕ as well.
We can define a generalised Regge-Wheeler potential
where σ = 1 − s 2 , and with s being the spin of the field being perturbed. We see that in the case of a massless scalar field (i.e. µ = 0) the scalar perturbation obeys an equation of motion of the form
where P is some perturbed field of spin s.V RW would, for example, be evaluated with s = 2 for metric perturbations, and with s = 0 for scalar perturbations. Thus for a massless scalar field, both the odd parity metric perturbation and the scalar perturbation obey the generalised Regge-Wheeler equation given by eq. (69). This is the result shown in [23] , where an analysis on the stability of these perturbations was performed.
In [54] it was shown that, in Kerr spacetime, whilst gravitational waves (i.e. the metric perturbations) might dominate over the Brans-Dicke scalar waves, an observation of the polarisation of the gravitational waves (a now realistic prospect [5] ) could divide the tensor and scalar parts.
Cubic Galilieon
For the Cubic Galileon model, that is cosmologically relevant, the action takes the form [55] 
where c 2 and c 3 are dimensionless constants, and H 0 is the value of the Hubble parameter today. Again perturbing eq. (70) to quadratic order in linear perturbations (about a constant background scalar field), we find the following values for the free parameters listed in eq. (54):
with the rest of the parameters vanishing.
With this parameter choice we find the following equations of motion:
whereV RW is given by eq. (68) and is evaluated with s = 0. We can now use our freedom to choose β to remove the ϕ contribution from eq. (72) . By choosing β = 0 we recover the GR Zerilli equation for the metric perturbation, whilst the scalar perturbation obeys the scalar Regge-Wheeler equation. We emphasise that in this case, with β = 0, the field redefinitions made in eq. (58) are equivalent to those in eq. (115), and henceψ = ψ. Therefore, in this model we find that both even and odd perturbations are unaffected by the presence of the scalar field. Indeed, as seen from Appendix C 2, we find that the metric perturbation H 2 is related to the other fields through H 2 = H 0 , as in GR. This is the expected result for a minimally coupled massless scalar field such as the Cubic Galileon, considering that the higher order derivative term in the action given by eq. (70) (parameterised by c 3 ) vanishes at quadratic order for a trivial background solution for ϕ.
D. Field redefinitions
In the above example of Brans-Dicke gravity, we find that the simple field redefinition given by setting β (r) = 1 2 in eq. (58) allows to find a combination of the scalar and metric perturbations that obeys the Zerilli equation, as in GR. In fact, we find that it is always possible to set a 1 = 0 in eq. (59) through such a field redefinition by making the following choice for β :
Thus a fieldψ that obeys the standard GR Zerilli equation can always be found. Therefore, in order to solve the evolution of perturbations in scalar-tensor theories, we would have to solve the standard Zerilli equation first and then separately solve the additional scalar field equation. This is an extremely useful tool given the amount of study already devoted to the solutions and quasi-normal modes of the Zerilli equation [56, 57] . Note, however, that in generalψ will represent a mixture of metric and scalar perturbations, and not the pure metric perturbation of GR. Furthermore, the scalar field perturbation may be excited by a second family of quasi-normal modes, different to the GR spectrum calculated from the Zerilli equation, by solving eq. (60) withψ = 0.
V. VECTOR-TENSOR THEORIES ON A SCHWARZSCHILD BACKGROUND
We now study the case of vector-tensor theories of gravity, and construct the most general gravitational action for linear perturbations of a tensor and a vector field that leads to second order equations of motion and is linearly diffeomorphism invariant. We follow the covariant procedure as in the previous sections, but with the addition of a gravitational vector field ζ µ :
whereζ r andζ t are the background values of the field in the r µ and u µ directions, respectively. We assume the background value of the vector field to be radius-dependent, and to only have components parallel to u µ and r µ , in order to comply with the global symmetries of the background. The vector perturbation δ ζ µ is a linear perturbation non-minimally coupled to the metric g µν and its perturbation, h µν .
We again choose to use the 'hair-less' Schwarzschild solution as our background spacetime, as in previous sections. For consistency, in this case, we must impose that the background vector field vanishes:ζ
The perturbed vector field δ ζ µ is, however, non-zero. Note that this is slightly different to the case of the scalar-tensor theories discussed in Section IV, where the requirement of having no scalar hair simply imposed that the background value of the scalar field be constant (rather than vanishing). This is because in scalar-tensor theories, a constant non-zero background scalar field would only alter the action through the addition of an overall constant that has no physical effect, and hence the background metric solution is the same as the one in GR. However, in vector-tensor theories, a constant background vector field would generically couple to the metric through covariant derivatives (i.e. to the Christoffel symbols), forcing the background metric away from a Schwarzschild solution.
As we are using the same background spacetime as in previous sections, we continue to use a 1+1+2 split of the background with the projectors u µ , r µ , and γ µν . We now proceed to step 2 and write down the most general vector-tensor gravitational action as: 
where the A , B, and C are the same as those given by (20)- (22) . We see that we also have three new tensors describing the self-interactions of the vector field and three for the interactions between the vector and tensor fields. These new tensors are arbitrary functions of the background, and hence must follow the background symmetry and can be constructed solely from the projectors u µ , r µ , and γ µν . Similarly as in the previous section, we proceed to write down the most general forms these six new tensors can take: 
Each of the coefficients A ζ n , B ζ n , C ζ n , and D ζ n are free functions of r, giving an additional 130 free functions in the most general action (given by eq. (77)) due to the inclusion of the vector field ζ µ . We now proceed to step 3. As before, we impose linear diffeomorphism invariance of the total action given by eq. (77). While the metric transforms as in eq. (23) under an infinitesimal coordinate transformation, a vector field perturbations generically transforms as
which means that the vector perturbation δ ζ µ is diffeomorphism invariant in the background given by eq. (76). The total action given by eq. (77) can now be varied under the gauge transformation. As in the previous sections, we obtain a number of Noether constraints by enforcing independent terms in the Noether identities to vanish. As in Section IV, due to δ ζ µ being gauge invariant, the Noether constraints that are obtained in Section III are also valid for the analysis of the action given by eq. (77). The additional Noether constraints for the coefficients A ζ n , B ζ n , C ζ n , and D ζ n are given in Appendix D 1.
We find that the final action depends on the following 39 free parameters from the original action given by eq. (77):
where again C 41 is a constant, whereas all the other parameters are free functions of radius. We note that 28 of these free parameters, namely A ζ 1−4 , B ζ 30−33 , C ζ 1−20 , describe vector self-interaction terms, and as such are left unconstrained due to the gauge invariant nature of δ ζ µ in the background we are considering. The remaining 11 free parameters are those that are left after solving the Noether constraints generated by imposing diffeomorphism invariance.
The final quadratic gauge-invariant action for vector-tensor theories on a pure Schwarzschild background can thus be written as
where L EH is given by eq. (28), and we have chosen M 2 Pl = −4C 41 . Thus we find that the whole action depends on 38 free parameters. The additional Lagrangian L ζ due to the addition of the vector field ζ µ is not presented here for brevity's sake, however the Noether constraints presented in Appendix D 1 can simply be substituted into eq. (77) to find the full covariant action.
As in the previous sections, having obtained a form for the fully covariant diffeomorphism invariant action, we proceed to study the odd and even parity perturbations separately. In general, vector-tensor theories can propagate a massive or massless spin-1 particle and hence at most three different polarisations (or degrees of freedom). As we will see next, one of these polarisations couples to the odd parity metric perturbations, and thus modifies the evolution of odd perturbations, contrary to scalar-tensor theories. This suggests that the odd parity sector might be used to test and distinguish vectortensor and scalar-tensor modified gravity theories.
A. Odd parity perturbations
We will first consider odd parity perturbations, where h µν is given by eq. (29), whilst δ ζ µ is given by
with B lm µ being the odd parity vector spherical harmonic as described in [40, 41] . After varying the action given by eq. (86) with respect to h 0 , h 1 , and z 0 , we find the following system of second order ODEs:
where Q is the Regge-Wheeler function given by eq. (35), r * is the tortoise coordinate given by eq. (36), and V RW is the Regge-Wheeler potential as given by eq. (37). The c n and d n are functions of r, l, ω, and 10 of the 38 free functions of the theory (see Appendix D 3). The relation linking the metric perturbation h 0 to h 1 (and thus to Q through eq. (35)) and z 0 is given in Appendix D 2. Eqs. (88)- (89) form a pair of homogeneous coupled ordinary differential equations with non-constant coefficients. By introducing the following fields
we can write eqs. (88)- (89) and (90) as the first order matrix equation
B. Even parity perturbations
For even parity perturbations h µν is given by eq. (30), whilst we decompose δ ζ µ as:
where E lm µ is the even parity vector spherical harmonic [40, 41] .
Next, we vary the gauge-invariant vector-tensor action given by eq. (86) with respect to H 0 , H 1 , H 2 , K, z 1 , z 2 , and z 3 in order to obtain the relevant set of equations of motion. We combine the metric perturbations into a single 'Zerilli function' ψ using the substitutions given by eq. (115). The relation between H 0 and H 2 for vector-tensor theories is given in Appendix D 4. The following coupled equations of motion are found for the even parity perturbations:
where the e n , f n , j n , and k n are functions of of r, l, ω, and of all 38 the remaining free parameters of the theory (see Appendix D 5); V Z is the Zerilli potential given by eq. (45) . Note that, similarly to eq. (59) 
we can write eqs. (94)- (98) as the first order matrix equation
The J n and K n are combinations of the e n , f n , j n , and k n , given in Appendix D 5. Here we can see that there can be three dynamical vector degrees of freedom contributing to the even parity sector -namely z 1 , z 2 and z 3 -which gives a total of four when counting the odd parity perturbation z 0 as well. As previously mentioned, we might have naively expected at most three vector degrees of freedom, corresponding to the three polarisations of a massive spin-1 particle. However, general vector-tensor theories can be unhealthy and propagate an additional ghostly mode. Indeed, in [1, 30] the same result was found for linear perturbations around a cosmological background in vector-tensor theories. This ghostly mode can be recast as a scalar field with negative kinetic energy that makes the physical system unstable. Usually, specific conditions must be imposed in vector-tensor theories (and modified gravity theories, more generally) in order to avoid such an unstable mode. In the case presented in this paper, we can fix some of the free parameters appropriately and reduce the number of vector dynamical degrees of freedom from four to three and therefore describe healthy vector-tensor theories only. For instance, we can choose the free parameters such that f 1 = f 2 = f 4 = 0 so that the field z 3 becomes an auxiliary variable that can simply be worked out from eq. (95) in terms of the other dynamical fields in order to reduce the whole even-parity system to a set of three second-order coupled ODEs (for two dynamical vector and one dynamical tensor degrees of freedom).
Next, similarly to the previous section, we proceed to work out two specific examples of vector-tensor theories and show explicitly the equations of motion for odd and parity sectors. In both cases we consider healthy theories and, as a result, we find that z 3 becomes an auxiliary field, as previously discussed, so these models propagate at most three vector degrees of freedom, as expected. In addition, in both examples we find that while vector perturbations evolve in a nontrivial way, metric perturbations evolve exactly in the same as in GR. Unfortunately, we have been unable to find nonlinear vector-tensor models that lead to non-trivial metric perturbations. In particular, we looked at the currently most general fully diffeomorphism-invariant vector-tensor theory, known as Generalised Proca [35] , which seems to be lacking second-order derivative couplings between the metric and vector perturbations for our chosen black hole background. Our results on the general parametrised vector-tensor action show that modified metric perturbations are allowed though, and therefore it will be interesting to explore in the future what non-linear interactions can be constructed to obtain such modifications.
C. Examples
Standard Proca field
For the case of a Proca field with constant mass µ the action is given by [35] :
where F αβ = ∇ α ζ β − ∇ β ζ α is the field strength. Perturbing the fields, about a vanishing background for the case of the vector field ζ α , and expanding to quadratic order, we find the following values of the parameters given in eq. (85)
with the rest of 24 parameters vanishing. With this set of parameters, we find that for odd parity perturbations Q and z 0 obey the following set of equations:
whereV RW is given by eq. (68) and is evaluated with s = 1, 2 for the vector and metric perturbations respectively.
For even parity perturbations, we find the following set of equations:
where Z is given by (following the convention of [58] ):
and z 3 is related to the other fields through
V Z is given by eq. (45) whileV RW , given by eq. (68), is again evaluated with s = 1 for the vector perturbations. From these equations, we can make a number of remarks. We can see that, as expected, the vector perturbations propagate only three degrees of freedom in total (z 0 , z 1 and Z), instead of four, because z 3 has become an auxiliary variable given by eq. (106). This is because the Proca action is constructed in such a way that it is healthy and does not propagate an additional ghostly mode. We also note that for a generic mass µ, the metric perturbations Q and ψ obey the usual Regge-Wheeler and Zerilli equations respectively, as in GR. Furthermore, we find that the metric perturbations h 0 and H 2 (of odd and even parity, respectively) are related to the other perturbed fields through their usual GR relations. Thus the metric perturbations evolve exactly as in GR, as expected for a minimally coupled Proca field. In addition, the odd parity vector perturbation z 0 obeys a Regge-Wheeler style equation with a modified potential due to the mass of the Proca field, whilst the even parity vector perturbations z 1 and Z are governed by a pair of coupled second order differential equations.
In the case of a pure massless Maxwell field (i.e. for µ = 0), we see that we are left with z 0 and Z as the only two degrees of freedom for odd and even parity vector perturbations, respectively, which would correspond to the two polarisations of a massless spin-1 particle. Both of these fields now obey the standard Regge-Wheeler equation (with the potentialV RW evaluated for s = 1) for µ = 0 [58] [59] [60] .
Sixth order coupling to Proca field
In [35] , it is shown that in generalised Proca theories we can achieve a Schwarzschild black hole with a sixth order coupling between the metric and the Proca field like so
and where ε µνρσ is the Levi-Civita tensor, normalised such that ε µνρσ ε µνρσ = −4!. In the case that the background vector field vanishes, G 6 is a constant with dimensions mass 2 . Perturbing the action given by eq. (107) about a Schwarzschild background for the g µν and a vanishing background for ζ µ , and expanding to quadratic order, we find most of the parameters in eq. (85) to vanish except the following ones:
With this parameter choice, we find the following equations of motion for odd parity perturbations:
We see that the metric perturbation Q obeys the usual ReggeWheeler equation as in GR, withV RW given by eq. (68) evaluated for s = 2. In addition, h 0 is related to the other perturbed fields as in GR (c.f. eq. (33)). Thus, the odd parity metric perturbations evolve exactly as in GR. The odd parity vector perturbation z 0 , however, obeys a second order equation of motion with a friction-like term proportional to dz 0 dr * and a modified potential where the contribution from the sixth order coupling term is such that a Regge-Wheeler potential with
, and by making appropriate choices of β 1 and β 2 , eq. (112) can be made into a single second order equation for Z. Such a choice is not presented here due to the complexity of the expressions but the salient point is that such a field redefinition can be made. Unlike the case of a massless Maxwell field, the example of which is given above in Section V C 1, the odd and even parity vector perturbations do not appear to obey the same equations of motion.
It is interesting to note that in this example, the even parity vector perturbations are governed by a single equation for Z (as discussed above), whilst this is not the case for a standard Proca field with a non-zero mass (eq. (104)). It is perhaps more enlightening to rewrite the action given by eq. (107) in the following way
where ⋆F µν is the dual field strength tensor given by
Here we can see that the action given by eq. (113) represents a U(1) symmetry respecting massless vector field [35] . Thus it is unsurprising that we find just two vector degrees of freedom, z 0 and Z, in eqs. (110)-(112) (after making a suitable field redefinition of Z as mentioned above), similarly to the case of a massless Maxwell field. The equations for metric perturbations are unmodified with respect to GR because the third term in the action (113) does not contribute with linear or quadratic metric perturbations in the specific background we have considered here.
D. Field redefinitions
As in Section IV D, we find that it is in general possible to write eq. (94) in the form of the standard Zerilli equation by making a field redefinition. If, instead of using the substitutions given by eq. (115) to combine the metric perturbations into the standard GR Zerilli function ψ, we use the fieldψ given by:
,
thenψ will obey the Zerilli equation as in GR. Note, however, that the functionψ will now in general be a mixture of even parity metric and vector perturbations, and thus the metric perturbations will evolve differently than in GR. Furthermore, the vector field perturbations may be excited by further families of quasi-normal modes, different to the GR spectrum calculated from the Zerilli equation, by solving eq. (95)-(97) with ψ = 0.
In the case of odd parity perturbations, we find that it is always possible to partially decouple Q and z 0 eq. (88) through a field redefinition, and hence obtain a single equation for a new fieldQ with an additional equation that mixesQ and z 0 . However, the potential sourcing the equation forQ will be different to the Regge-Wheeler potential, and hence the equation will be different to that of GR.
VI. CONCLUSION
In this paper we have analysed the structure of linear perturbations around black holes in modified gravity theories. In particular, we applied the covariant approach developed in [1] to construct the most general diffeomorphisminvariant quadratic actions for linear perturbations around a Schwarzschild black hole for three families of gravity theories: single-tensor, scalar-tensor, and vector-tensor theories. These actions contain a number of free parameters -functions of the background -that describe all the possible modifications to GR that are compatible with the given field content and symmetries. Therefore, these actions allow us to study, in a unified manner, a number of scalar-tensor models such as Covariant Galileons and Brans-Dicke, as well as vector-tensor models such as Maxwell and Proca. A particularly interesting and novel vector-tensor theory was discussed in Subsection V C 2, which involves the coupling of the dual Maxwell tensor to the Riemann tensor, preserving U(1) gauge invari-ance. Our focus has been on perturbations of Schwarzschild spacetimes but the method used here is general and systematic and can thus be straightforwardly applied to other spherically symmetric backgrounds with non-trivial solutions for the additional gravity field. Such an extension would allow us to study the dynamics of linear perturbations in modified gravity with hairy solutions such as Einstein-Aether [61] . Furthermore, the method presented here is readily generalisable to non-spherically symmetric backgrounds, for example rotating black holes. For slowly rotating black holes, various no-hair theorems for scalar and vector fields (with non-minimal coupling or otherwise) are presented in [33, 62] , however perturbations to hairy rotating black holes could also be analysed in the manner presented in this paper. Such an analysis could lead to a generalisation of the Teukolsky equation [63] for perturbations about rotating black holes in modified theories of gravity.
For each of the three families of modified gravity theories, we have found the equations of motion governing odd and even parity perturbations, in terms of the free parameters. In general, we found that even though at the level of the background all models considered have no hair (a Schwarzschild metric) and behave as GR, at the level of perturbations additional degrees of freedom are indeed excited and thus there is a dynamical hair that gives a modified evolution for linear perturbations [16] . Nevertheless, we also find specific examples in which the additional degrees of freedom are not excited and thus perturbations evolve as in GR. In particular, we find that general single-tensor models behave exactly as GR at the level of linear perturbations. For scalar-tensor theories, we find the most general action to have 9 free parameters (functions of radius). All of these parameters affect the evolution of even perturbations, while odd perturbations evolve as in GR. For vector-tensor theories, the most general action depends on 38 free parameters (all functions of radius) and generically they will modify the evolution of odd and even perturbations. More specifically, we find that 10 free parameters modify the evolution of odd perturbations, whilst all 38 affect even perturbations.
As a comparison, we mention that in the corresponding calculations of diffeomorphism-invariant quadratic actions about a cosmological Friedmann-Robertson-Walker (FRW) background presented in [1, 30] , fewer free parameters were found. For instance, there are four free parameters for scalar-tensor theories about an FRW background compared to 9 free parameters about a Schwarzschild background. As discussed in [1] the global symmetries of the background play a crucial role in determining the number of free parameters. In general, the less symmetric the background, the more free parameters are needed to describe general linear perturbations. Therefore, the larger number of free parameters found in this paper is not surprising. Furthermore, in the case of the pure Schwarzschild background studied here, the scalar self interactions are unconstrained because the scalar field perturbation is gauge invariant, contrary to the FRW case. Similarly, a large number of free parameters in the vector-tensor action are left unconstrained due to the vector field perturbation being gauge invariant.
The equations of motion derived in this paper are the most general ones for each family theory, and they provide a valuable tool for exploring modified theories of gravity with gravitational waves, and also for exotic test fields. This provides a new tool to the usual approach to quasi-normal mode analysis of black holes. Given an equation of motion, one can calculate the quasi-normal modes of the system, for example through the methods of [28, 64] . With future improved observations of quasi-normal modes from binary black hole events one could constrain the free parameters presented in this paper by constraining the effect these terms would have on the waveform. Whereas in practice it may not be possible to constrain 9 or 38 arbitrary functions of radius, these free parameters can be reduced by adding theoretical stability constraints, or they can be chosen to, for example, correspond to a particular non-linear theory, or they can be fitted with some specific functional forms.
An interesting feature that arose in the specific examples we considered here is that it was possible, in all cases, to write the evolution equations as GR-like Zerilli, or ReggeWheeler equations in addition to a sourced evolution equation for the extra degrees of freedom. While one might expect that for minimally coupled theories, we showed that this was also true in the case of non-minimal coupling: for JBD gravity, we showed that a combination of the Zerilli function with the extra degree of freedom also satisfied the standard Zerilli equation of GR. In fact, we have shown that it is always possible to find such a combination of the even parity metric perturbations (i.e. the Zerilli function) and the extra degrees of freedom such that this new combination satisfies the standard Zerilli equation of GR. A by-product of the fact that we are able to reduce the even parity evolution equations to a GRlike Zerilli equation is that we can already claim that a subset of the quasi-normal modes, in the cases considered here, will be exactly as in GR. There will be additional modes arising from the, sourced, extra degree of freedom. The perturbations will then, in general, be represented by linear combinations of the different families of quasi-normal modes. An important exercise, for future work, will be to determine how the lowest order modes -i.e. the modes which have highest signal to noise in current and future observations of ringdown -will be affected by these extra modes, beyond those of GR.
An interesting recent development is the detection of the binary neutron star merger with gravitational wave signal GW170817 [65] and an electromagnetic counterpart GRB 170817A [66] [67] [68] [69] . The fact that the gravitational and electromagnetic waves are effectively coincident was subsequently used to place tight constraints on the difference in their velocities and, as a result, to place strong constraints on the range of possible extensions to General Relativity. In particular it was found that, in some sense, the simplest forms of non-minimal coupling were allowed in scalar-tensor and vector-tensor theories [47, 48, 70, 71] , severely limiting the allowed range of cosmological models. Given how restrictive the constraints are, it would make sense to focus on how it restricts the allowed families of black hole solutions to the classes of theories being considered in this paper. For a start, and more generally, it would be interesting to identify how many the-ories still allow for hairy black holes. But more specifically, it would be useful to check if the constraints on the speed of gravitational waves greatly restrict the number (or form) of the free parameters that appear in our actions for a perturbed Schwarzschild spacetime.
Finally, and to emphasize our main motivation for pursuing this research, with the advent of black hole spectroscopy, it makes sense to explore methods which can be used to not only test the consistency of data with GR but also explore alternatives. In particular, and as in cosmology, it should be possible to use linear perturbations around the final state to constrain extensions to GR in a systematic way. In this paper we have proposed such an approach. The next step is to extend this approach beyond spherical symmetry and explore the general structure of the quasi-normal modes that arise in solutions to these equations. Only then will we be able to reap the benefits of analysing the ringdown from the data from aLIGO, its sister experiments, and their successors.
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∇ µ γ αβ = u α∇µ u β + u β∇µ u α − r α∇ r β − r β∇ r α , 
with all other remaining coefficients vanishing. In addition, we find that C 41 must be a constant.
